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Abstract 
Sankaran, P. and K. Varadarajan, On certain homeomorphism groups, Journal of Pure and Applied 
Algebra 92 (1994) 191-197. 
Let [w, 2, 9, and %? denote respectively the reals, the rationals, the irrationals and the Cantor set 
endowed with their usual topologies. For any topological space X let G(X) denote the group of 
homeomorphisms of X. Let H(H) denote the group of orientation preserving homeomorphisms of 
[w, S, the group of permutations of the set N of natural numbers and G,(IW”) the group of 
homeomorphisms of Iw” with compact support for any integer n 2 1. We show that G * F can be 
imbedded in G when G is any one of the groups G(2), G(Y), G(U), H(H), S, or G,,(lW”) where F is 
a free group of rank c = # Iw. 
1. Introduction 
Let H be a topological group admitting a complete metric and G a subgroup of H. 
Let n be any integer 2 1 and 
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Let Z* = Z\(O). For any a = (ae, al,. . . , u,)EE,+~(G) and k=(k,, . . . , kndl)E(Z*) 
let Ta,& = {~~H~a~x~~a~x~’ . . . u,_l~k”- ‘a, = e}. A result of Balcerzyk and My- 
cielski (see the proof of Theorem 2 in [l]) asserts that if G is any countable subgroup 
of H satisfying the condition that ru,k is nowhere dense in H for every a E E,+ 1(G) and 
ke (Z*)” then there is an imbedding of G * Z in H extending the inclusion of G in H. 
A particular case of this result is Theorem 2(c) in [2] which asserts that for any 
countable subgroup G of H(R) which satisfies the condition that the only element of 
G which pointwise fixes a non-degenerate interval is e, the inclusion of G in H(R) can 
be extended to an imbedding of G * Z in H(R). 
Suppose H is a connected Lie group satisfying the following condition: 
(C) For any integer m 2 1, any m elements al, . . . , a, in H\{e) and any 
k = (k,, . . . , k,)e(Z*)“’ there is some XE H with ulxkl . . . u,xkm # e. 
In [l] it is shown that if H is a connected Lie group satisfying (C), then for any 
countable subgroup G of H, the sets T,,,(G) are nowhere dense in H. Hence there 
exists an imbedding of G * Z in H extending the inclusion of G in H. The hard part of 
[l] consists on showing that the Lie groups SO,(R) and PSL,(R) satisfy (C). 
Let H be a metric complete topological group which is perfect. Let A be the 
free group on a countable set {a, I n 2 1) as basis. For any nontrivial word 
cJ=o(u,,... ) ak) in A suppose the set ((x1, . . . , X~)E Hk 1 0(x1, . . . , &) = l} is 
nowhere dense in Hk. Then it is an easy consequence of results proved by Mycielski in 
[ll, 121 that H admits a Cantor subset of independent elements. Hence the free group 
F of rank c can be imbedded in H. Moreover, almost every Cantor subset of H in (the 
sense of Baire categories) is independent in H. An easy consequence of this is the result 
(proved in [2] and attributed to Ehrenfeucht by Mycielski in [12]) that F can be 
imbedded in H( R) (hence in G(R) as well). In [S] Kuratowski obtains results similar to 
Mycielski’s results in [ 11, 121 by different methods. 
Our present work has its origin in the above mentioned papers. Let X be 9, 9 or 
%? and G one of the groups G(X), S,, G,(lR”) with II 2 1 or H(R). The main result 
proved in this paper asserts that when G is one of the above groups G * F can be 
imbedded in G (Theorem 5). For this purpose we introduce the concept of a repetitive 
group (Definition 1). We then show that the groups G(X), S, and G,(R”) are repetitive 
(Lemma 2). The proof of repetitiveness of G(X) and G,(R”) depend on “Mather’s 
trick” which we explain in Section 2. In Section 3 we prove a main algebraic result that 
if G is a repetitive group with the property that G * Z imbeds in G then G * F can be 
imbedded in G (Proposition 3). This plays a crucial role in the proof of Theorem 5 for 
G(X), S, and G,(R”). The proof for H(R) is then an immediate consequence of the 
facts that H(R) can be realised as a subgroup of G,,(R) and in turn G,(R) can be 
realised as a subgroup of H(R). 
Finally we wish to thank Professor Mycielski for information concerning the early 
history of the problems considered in this paper. Also in our original version we 
proved that F can be imbedded in each one of the groups G above and that G * Z can 
be imbedded in G. While acting as referee, Professor Mycielski made a suggestion 
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which actually inspired us in proving the stronger version (Theorem 5) of our main 
result. We thank him for this crucial suggestion. Also he pointed out that [14] by 
Nisnevic is related to the early history of the problems considered in this paper. 
Unfortunately we do not have access to this paper of Nisnevic. We have included in 
our list of references ome recent papers dealing with homeomorphism groups. 
2. Mather’s trick and repetitive groups 
We will now describe a procedure known as “Mather’s trick” which is a variant 
of the construction in [9]. Suppose that the U,s are pairwise disjoint open sub- 
sets of a Hausdorff topological space X and that there exists an element x0 EX 
such that limi,,xi = ~0 for any Xi E Ui. Let h: X + X be homeomorphisms 
with supp(jJ = cl{x Ifi # x} c Ui for i 2 1. Then the “infinite product” 
f = nieN f;X -+ X defined asf(x) =J(x) if x E Ui,f(x) = x if x 4 vi ~ 1 Ui, is a homeo- 
morphism of X with support contained in Ui ~ 1 Vi u (x0). NOW if Hi is a subgroup of 
G(X) such that any h E Hi has support in Ui as above, then the infinite product 
construction gives a homomorphism of groups II/: JJHi + G(X) which is actually 
one-one. We refer to the above construction of imbedding phi in G(X) as “Mather’s 
trick”. In our proofs it will turn out that the Hi are all isomorphic to each other and 
the open sets Ui are all homeomorphic to each other. 
Definition 1. We say that a group G is repetitive if G contains a subgroup isomorphic 
to G”, the direct product of infinitely many copies of G. 
Let S, denote the permutation group S(N). 
Lemma 2. The following groups are repetitive: 
(9 S,, 
(ii) G(X)for X = 4,9, and %, 
(iii) Go(R”), the group of all compactly supported homeomorphisms of R”, n 2 1. 
Proof. (i) Write N as an infinite union of countably infinite pairwise disjoint subsets 
Aj of N. Then the subgroup H of S, consisting of all mapsfeS, such thatf(Aj) = Aj 
for all j is isomorphic to n,,, S(Aj). Obviously S(Aj) z S, for all j E N and the result 
follows. 
Statements (ii) and (iii) follow from “Mather’s trick”. 0 
Let H be the free group on a countably infinite set { fj (j E f+J} as basis. For each real 
number CI > 1, let & = (s,,,), L I where s,,, = [cm] the greatest integer in c1n. 
S = [s,la~R,~( > l}. For each x = (x,),~ 1 in S let f(x) = (fx,,fx,,fx,, . . .)EH-. 
Then it is known that {f(x) ) 5 ES} = A is a set of cardinality c and that the subgroup 
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of HO generated by A is free with A as basis. We will make use of this in Section 3. We 
thank Professor Blass for bringing this to our notice. 
3. Embedding G* F in G 
Let F be a free group of rank c. First we reduce the problem of embedding G * F in 
G for repetitive groups to that of embedding G * Z in G. Using this we prove the main 
result of this paper (Theorem 5). 
Proposition 3. Let G be a repetitive group such that G * Z embeds in G. Then G * F 
embeds in G where F is a free group of rank c. 
Proof. Since G * Z embeds in G, it follows that G * Z * Z embeds in G. Let H be a free 
subgroup of rank # N, with basis, B = {f;- 1 j E N >, contained in Z * 77. Then G * H 
embeds in G. Recall that G is said to be repetitive, if G” embeds in G. It follows that 
(G * H)” embeds in G. Now one has natural inclusions of H” and G” in (G * H)“. Let 
9 denote the diagonal copy of GW embedded in (G * H)“. Let F be the free subgroup of 
H” of rank c with basis A as described in Section 2. Thus elements of A are certain 
sequences of elements from B. 
Since 9 and F are subgroups of (G * H)“, we obtain a homomorphism 
q : Y * F + (G * H)” which restricts to inclusions of 9 and F. We claim that q is an 
embedding. To obtain a contradiction, assume that there exist elements 
&., . . . > ~~59 and h,, . . . h,eF such that &, . . . , g”h,g,+, = 1 in (G* H)“, 
with & # 1 for 2 I i 5 n, and hj # 1, 1 I j I n. Equivalently, for every k 2 1, 
glhk ’ ’ . gnhnkgn+l = 1, (1) 
where g = (gi, gi, . . .) and b = (hij)jf~. 
Write hj = wj(%, . . . , a,), 1 < j I n, as words in the basis elements 3, . . . , h in 
A. By thechoice of A, there exists an integer (in fact infinitely many k) such that 
alk, . . . , %k are pairwise distinct elements of B, where 5 = (aij)j,N. Since 
h.= wj(%, . . . ) 
ioup c H 
a,) # 1, and since alk, . . , amk are basis elements in some free 
2 we see that h. = w .(a Jk J lk, . . . , amk) # 1 E H for any j I n. From (1) we 
obtain 
grhl,. . . gnh,,kgn+l = 1 in G*H 
with gi # 1 for 2 I i < n and hjk # 1 for 1 I j I n. This contradicts the definition of 
the free product. Hence rj is an embedding. Since 9 is isomorphic to G, the result 
follows. 0 
When X = 9!,9 or %? one can find a countable basis ?8 for X consisting of clopen 
subsets of X such that given U, VE 99, U n V’ = 0, there exists a homeomorphism 
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gu, V E G(X) satisfying the following conditions: gu, &J) = V, supp go, V c U u V. 
Choose one such homeomorphism gu, V for each pair of clopen sets U, VE 99, to be 
fixed in what follows. Let E c G(X) be the countable group generated by the 
countable set (g r,, V 1 U, VEB, U n V = 0). The action of E on X is not transitive. 
However, given two sequences (Ui)l s i s k, (Vi)1 s i s k of pairwise disjoint members of 
93, there exist a g E E such that g(Ui) = Vi for all i. In fact, if, further, u Ui u u K # X, 
andifn,,..., nk is a sequence of non-zero integers, then it is easy to prove the 
existence of an h E E such that hni(Ui) = Vi, 1 < i I k. Recall that the action of a group 
H on a space X is said to be n-transitive if given any two sequences of n distinct points 
(Xi)l c is n, (yi)l s i s “, in X there exists an h E H such that h(xJ = yi for all i I n. Note that 
G,(R) is not even 2-transitive, however G&P), is m-transitive for any mu N when n > 1. 
We need the following: 
Lemma 4. Let X be one of the spaces 2?,9, W. Let G = G(X) or G,(W), n 2 1. Let 
ho, hl, . . . 3 hkEG,andletnl,n2 ,..., ilk be a sequence of non-zero integers such that 
hj # 1 for 1 I j < k. Then there exists a g E G such that 
wk(g) = hkgn* . . . hlg”‘hO # 1. 
Further, when X = 22,9, or %‘, one canjnd such a g in the countable set E c G(X) itself: 
Proof. When G = G(X), X = $9, or %?, we proceed as follows. The notations are in 
as the paragraph preceding the statement of the lemma. Since hi # 1 for 1 I i I k - 1, 
it is possible to choose pairwise disjoint clopen sets I’, , U 1, . . . , vk _ 1, Uk _ r, UO, vk 
in B such that hi(Vi) c Ui, 1 I i I k - 1, h,‘(U,) n hk(Vk) = 8, and 
UOsi<kUiVU1sisk Vi # X. Then there exists a ge_E such that g”‘(Ui_ 1) = Vi, 
1 5 i I k. Now wk(g)(hil(UO)) c hk(Vk). Since h,’ n hk(Vk) = 8, it follows that 
wk(d f l. 
We now consider the case G = Go ([w”). If wk(g) = 1 for all g E G then 
ho Wk(g) h; 1 = 1 for all g E G yielding h; g”* ... hl g”’ = 1 for all g E G. Thus for proving 
Lemma 4 we can assume ho = 1. 
We wish to show that there exists a g E G,, (R”) with wk(g) # 1. When k = 1 and 
hl = 1 this amounts to finding a g E G,(lV’) with g”’ # 1 and this is trivial. Suppose 
k = 1 and h, # 1. Let K be a compact subset of UP with K 2 Supp hl. Let yl E R” 
satisfy x1 = hl(yl) # y,. We can find an open set J (open interval J in case n = 1) 
satisfying y, E J and J n (R”\K) # 0 and xl $ J, the closure of J in [w”. Let 
x0 E J n (R”\K). We can choose a 4 E Go (I%“) with 4”’ (x0) = y, and Supp 4 c J. 
Observe that y, E K, x0 $ K, x0 E Supp 4 and xl = wl (4)(x0) $ Supp 4. In particular 
xl # x0, hence ~~(4) # 1. 
Let k 2 2. We deal with the case hk # 1 first. By induction we may assume that 
there exist 4 E Go(R”) and u1 E R”\K where K = Uf= 1 Supp hi such that u1 E Supp 4 
and uk = hk4”k... h2@2(ul) 4 Supp4. Since ul E R”\K we get h;‘(ul) = ul. Hence 
u. = 4-n’ h;’ (ul) E Supp 4. Moreover, uk = wk(4)(u0) with u. E Supp 6 and 
uk 4 Supp 4. Hence uk # u0 yielding wk(4) # 1. 
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Let now hk = 1. The inductive assumption yields a cp E Go@“) and an x0 E R”\K 
with x0 E Supp cp and xk_ 1 = wk- lb)(xO) $ sun v. Then xk = wk(h)(xO) = v”*(Xk- 1) = 
xk_ 1 4 SUpp Cp. Hence xk # x0 yielding wk((p) # 1. 0 
We now topologise G,(R”), n 2 1, as follows. First note that Go(R”) 2 G,, the 
group of all homeomorphisms of the unit n-cube I” which are identity in a variable 
neighbourhood of 8Z”. We put the Schreier-Ulam metric on G(Z”) [16], making 
it a topological group. Thus f, g E G(Z”), S(f, g) = sup {d(f(x), g(x)) I x ~1”) + 
sup&V’(xX s-‘(x)) I x E I”}, where d denotes the usual Euclidean metric on I”. It is 
easy to see that the group G, c G(Z”) has a countable dense subset. For example, 
let T be the (countable) set of all triangulations of I” for which the 0-simplices 
are contained in (9 n Z)“. Then the set of all simplicial homeomorphisms 
h : (In, z) + (I”, z’) in G, for 2,~' E T is a countable dense subset of G,. Using 
Go( I?‘) g G,, we see that Go( I?‘) is a topological group with a countable dense subset. 
Theorem 5. Let X = 2&Y, or V. Let G denote one of the groups S,, G(X), Go(W), n 2 1 
or H(R), the group of all orientation preserving homeomorphisms of R. Then there exists 
an embedding of G * F in G where F is a free group of rank c. 
Proof. Let G be G(X) or G,(R”), n 2 1. From the previous paragraph, G,(R”) is 
a separable topological group. Let E = {ai ) i E N } denote a dense subset of G if 
G = Go(R”), and, if G = G(X), let E denote the same countable set as in the statement 
of Lemma 4. List the elements of E as a sequence a = (al, a2, . . . , a,,, . . . ) E G”. By 
Lemma 2 one has an embedding j : G” -+ G. The element g generates an infinite cyclic 
subgroup C of G”. Let 9 denote the diagonal imbedding of G in G”. We claim that the 
natural homomorphism VZ : 9 * C -+ G” is one-one. Indeed h,, . . . , &E 9 with b # 1 
for 1 I i < k, and let if possible hoa”’ h --r . . . a”* hk = 1 in GO for some non-zero 
integers ni, 1 I i I k. Then for every integer i,hoaylh, . . . aFhk = 1 in G, where 
hi = (hi, hi, . . . ) E Y. In case G = G(X) this contradicts Lemma 4. In case G = G,( R”), 
since the set E = {ai ) iE N} is dense it follows by continuity that h,g”‘h, . . . gnrhk = 1 
for all g E G. Again, this contradicts Lemma 4. This shows that the subgroups 3 and 
C together generate a subgroup of G” isomorphic to 9 * C E G * Z. Now, since G” 
imbeds in G it follows that G *Z can be imbedded in G. Now by Proposition 3 it 
follows that G * F can be imbedded in G for a free group F of rank c. 
Observe that the group H(R) of all orientation preserving homeomorphisms of 
[w can be embedded in G,(R) as the subgroup of all homeomorphisms of R with 
support in the unit interval I. On the other hand G,(R) is a subgroup of H(R). 
Therefore, one has the following sequence of monomorphisms of groups, 
H(R) * F + G,,(R) * F -+ Go(R) c--) H(R) 
for a free group F of rank c. Thus H(R) * F embeds in H(R). 
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As in [15] we choose pairwise disjoint clopen subsets X,, no N of 22, each 
homeomorphic to 2, such that the sequence of sets X, converges to a point of X. For 
each n E N, choose a homeomorphism 4” : 22 + X,. For any permutation GE S, let 
$d : 22 + 22 be the map defined as GOJx, = c$,~,,c#J;’ for all no N, and $0(x) = x for 
x 4 uXn. Then $O is a self-homeomorphism of 22. Also it is easy to check that the 
association cr -+ $a is an embedding of S, into G(9). 
Since 9 is countable it is obvious that G(2) embeds in S,. It now follows, as in the 
case of H(R) that, S, *F embeds in S,, completing the proof. 0 
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